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Abstract. In this paper some fractional differential equations are solved by using the Laplace
transform method. These fractional differential equations with Riemann – Liouville fractional
derivative operators are very general in nature and involve the wide range of fractional differ-
ential equations and their solutions in terms of various functions related to Mittag – Leffler
function.
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1 Introduction







where α ∈ C; Re (α) > 0; z ∈ C defines the Mittag – Leffler function [2,3].
A generalization of Mittag – Leffler function Eα (z) of (1) is defined and studied





Γ (αk + β)
(2)
where α, β ∈ C; Re (α) > 0; Re (β) > 0; z ∈ C.
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A generalization of Mittag – Leffler function Eα,β (z) of (2) is introduced by









where α, β, γ ∈ C; Re (α) > 0; Re (β) > 0; z ∈ C and (λ)ndenotes the familiar
Pochhammer symbol or the shifted factorial , since








λ (λ+ 1) ... (λ+ n− 1)
(n = 0;λ ∈ C\ {0})
(n ∈ N ;λ ∈ C) (4)Ä
N0 = N
⋃
{0} = {0, 1, 2...}
ä
Recently generalization of Mittag–Leffler function Eγα,β (z) of (3) studied by









(z, β, γ ∈ C;Re (α) > max{0, Re(K)− 1};Re(K) > 0)
which, in the special case when
K = q (q ∈ (0, 1) ∪N) and min {Re (β) , Re (γ)} > 0 (6)
was considered earlier by Shukla and Prajapati [8].
A multivariable analogue of Mittag–Leffler function defined in (3) is very re-



















where λ, γj , ρj ∈ C; Re (ρj) > 0; j = 1, 2, ..., r.
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If in (7) we take ρ1 = ρ2 = ... = ρr = 1then it reduces to the following confluent
hypergeometric series [9, p. 34, Eq. (1.4(8))]
Φ
(r)














where λ, γj , zj ∈ C (j = 1, 2, ..., r) and max {|z1| , ..., |zr|} < 1;λ /∈ Z−0 =
{0,−1,−2, ....}.
A mild generalization of multivariable analogue of Mittag – Leffler function in














where λ, γj ,lj , ρj ∈ C; Re (ρj) > 0; Re (lj) > 0; λ /∈ Z−0 = {0,−1,−2, ....};j =
1, 2, ..., r.
We consider the following integral operator involving the above generalized mul-









(x− t)µ−1E(γr),(lr)(ρr),µ [ω1(x− t)
ρ1 , ..., ωr(x− t)ρr ]Ψ (t) dt (10)
with x > a; ωj , ρj , γj , lj , µ ∈ C; Re (ρj) > 0; |ωj(x− t)ρj | < 1; j = 1, 2, ..., r.
Remark: At l1 = l2 = ... = lr = 1 the operator defined in (10) reduces to the
integral operator studied by Gautam [1] and Saxena et al. [7].










(x) + f (x) (11)




where c is an arbitrary constant and (α, µ, ρj , γj , lj , ωj ∈ C; Re (α) > 0;
Re (ρj) > 0; Re (µ) > 0; Re(lj) > 0;j = 1, 2, ..., r).












α ∈ C : Re(α) > 0 (n = |Re(α)|+ 1) .

















(α ∈ C;Re (α) > 0)









The Laplace transform of a function f (x) is defined by
L [f(x); s] =
∫ ∞
0
e−sxf (x) dx = F (s) (14)












sk−1Dα−k0+ f (0+) (n− 1 < α < n) (15)
Re(s) > 0
The Laplace transform of the function E
(γr),(lr)
(ρr),µ
[.] defined in (9) is easily ob-
























(µ, ρj , γj , lj , ωj ∈ C;Re (s) > 0;Re (ρj) > 0;Re (µ) > 0;Re(lj) > 0; j = 1, 2, ..., r)
where 1Ψ
∗
0 is the Fox – Wright hypergeometric function defined as follows [9]:
pΨq
ñ
(a1, A1) , ..., (ap, Ap) ;























ρ1 , ..., ωrx
ρr ] (18)
The integral in (18) is established in view of (9) and elementary beta integral.
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[L[y(x)(s)] = (−1)n L[xny(x)](s) (19)
2 Main Results
Theorem 1. Let a ∈ R+; α, µ, ρj, γj, lj, ωj ∈ C; Re (α) > 0; Re (ρj) > 0;
Re (µ) > 0; Re(lj) > 0; j = 1, 2, ..., r. Then for x > a, there hold the relations.
Dαa+
[
(t− a)µ−1E(γr),(lr)(ρr),µ [ω1(t− a)ρ1 , ..., ωr(t− a)ρr ]
]
(x)




(t− a)µ−1E(γr),(lr)(ρr),µ [ω1(t− a)ρ1 , ..., ωr(t− a)ρr ]
]
(x)
= (x− a)µ+α−1E(γr),(lr)(ρr),µ+α [ω1(x− a)ρ1 , ..., ωr(x− a)ρr ] (2)










(x) + f (x) (3)
(α, µ, ρj , γj , lj , ωj ∈ C;Re (α) > 0;Re (ρj) > 0;Re (µ) > 0;Re(lj) > 0; j =




(0+) = c has its solution in the














(x− t)α−1f (t) dt
(4)
where c is an arbitrary constant .














ρ1 , ..., ωrx
ρr ] (5)
(α, µ, ρj, γj, lj, ωj ∈ C; Re (α) > 0; Re (ρj) > 0; Re (µ) > 0; Re(lj) > 0;




(0+) = c has its solution in








ρ1 , ..., ωrx
ρr ] (6)
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where c is an arbitrary constant .












(α, µ, ρj , γj , lj , ωj ∈ C;Re (α) > 0;Re (ρj) > 0;Re (µ) > 0;Re(lj) > 0; j =




(0+) = c has its solution in the








tα−1 (x− t)µ−1E(γr),(lr)(ρr),µ+1 [ω1 (x− t)
ρ1 , ..., ωr (x− t)ρr ] dt
(8)
where c is an arbitrary constant.











































































where c is an arbitrary constant.
Outline of Proofs
Proof of (1): To prove the assertion (1) of Theorem-1, we denote its left hand





(t− a)µ−1E(γr),(lr)(ρr),µ [ω1(t− a)ρ1 , ..., ωr(t− a)ρr ]
]
(x)
On using the definition of E
(γr),(lr)
(ρr),µ


































































Γ (µ− α+∑ri=1 ρiki)
On interpreting in view of the definition of E
(γr)(lr)
(ρr),µ
[.] given in (9), we at once
arrive at the desired result in (1).
Proof of (2): The assertion (2) of Theorem-2 is proved similarly following the
lines as to prove the result in (1) and using the definition of fractional integral
operator Iαa+ therein.








in (10) with (a = 0 and Ψ(x) = 1) and formula (18) with (σ = 1) in equation








ρ1 , ..., ωrx
ρr ] + f (x) (11)
By applying Laplace transform on both sides of (11) and then using formulae
(15) with (n = 1), (16) and (14) we obtain




























+ F (s) · s−α














i=1 ρiki−1+F (s)·s−α (12)
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Now taking the inverse Laplace transform on both sides of (12), we find by






















































(x− t)α−1f (t) dt




in (9), we at once arrive at the desired result in (4).








given in (10) with (a = 0 and Ψ(x) = 1) and formula (18) with (σ = 1) in








ρ1 , ..., ωrx
ρr ] (13)
By applying Laplace transform on both sides of (13) and then using formulae
(15) with (n = 1) and (16), we get













in view of (17) we obtain




































i=1 ρiki + 1)
Now on interpreting with help of definition of E
(γr),(lr)
(ρr),µ
[.] given in (9), we at
once arrive at the desired result in (6).
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in (10) with (a = 0 and Ψ(x) = 1) and formula (18) with (σ = 1) in equation









ρ1 , ..., ωrx
ρr ] (15)
By applying Laplace transform on both sides of (15) and then using formulae







































This is a linear differential equation of first order and first degree. Hence


















By applying inverse Laplace transform on both sides of (16), we obtain




















i=1 ρiki · s−α
ó
+ CL−1(s−α)
On using Laplace convolution theorem, we obtain


























Now on changing the order of integration and summation, and then on inter-
preting the so obtained result in view of definition of E
(γr),(lr)
(ρr),µ
[.] given in (9),
we at once arrive at the desired result in (8).
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given in (10) with (a = 0 and Ψ(x) = 1) and formula (18) with (σ = 1) in



































By applying Laplace transform on both sides of (17), and then using formulae
(15) with (n = 1) and (16) we obtain








































in view of (17), we obtain































è s−µj−α−∑ri=1 ρ(j)i ki−1 (18)
On applying the inverse Laplace transform on both sides of (18) we have

























































Now on interpreting with the help of definition of E
(γr),(lr)
(ρr),µ
[.] given in (9) we at
once arrive at the desired result in (10).
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3 Special Cases
(1) If in Theorems-1 to 4, we take r = 1 then these reduce to the following
results involving generalized Mittag – Leffler function due to Srivastava
and Tomovski [10] as follows:
(i) Let a ∈ R+; α, µ, γ, ρ, l, ω ∈ C; Re (α) > 0; Re(ρ) > 0; Re (µ) > 0;











(x) = (x− a)µ+α−1Eγ,lρ,µ+α [ω(x− a)ρ] (2)








(x) + f (x) (3)
(0 < α < 1; ω ∈ C; Re (ρ) > max{0, Re (l)− 1}; min {Re (µ) , Re (γ) , Re (l)} >
0 )
With the initial conditionÄ
I1−α0+ y
ä
(0+) = c has its solution in the space L (0,∞) given by












(x− t)α−1 f (t) dt (4)




(x) is the integral operator studied






(x− t)β−1Eγ,Kα,β [ω(x− t)α]φ(t)dt(x > a) (5)
(γ, ω ∈ C;Re(α) > max{0, Re(K)− 1}; min{Re(β), Re(K)} > 0) .








(x) + pxµEγ,lρ,µ+1 [ωx
ρ] (6)
(0 < α < 1; ω ∈ C; Re (ρ) >max{0, Re (l)− 1}; min {Re (µ) , Re (γ) , Re (l)} >
0)
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has its solution in the space L (0,∞) given by
y (x) = c
xα−1
Γ (α)
+ (λ+ p)xµ+αEγ,lρ,µ+α+1 [ωx
ρ] (7)




(x) is the integral operator defined
in (5) .










(0 < α < 1; ω ∈ C; Re (ρ) > max{0, Re (l)− 1}; min {Re (µ) , Re (γ) , Re (l)} >




(0+) = c has its solution in the space
L (0,∞) given by







tα−1 (x− t)µ−1Eγ,lρ,µ+1 [ω (x− t)ρ] dt (9)




(x)is the integral operator defined
in (5) .
Remark: The results in (1) to (9) may be obtained from the results of Srivastava
and Tomovski [10] by taking ν = 0therein.
(1) If in Theorems-1 to 4, we take l1 = l2 = ... = lr = 1 then these reduce to
the following results involving generalized Mittag–Leffler function due to
Gautam [1] and Saxena et al. [7].
(i) Let a ∈ R+; α, µ, ρj , γj , ωj ∈ C; Re (α) > 0; Re (ρj) > 0; Re (µ) > 0;
j = 1, 2, ..., r. Then for x > a, there hold the relations
Dαa+
[
(t− a)µ−1E(γr)(ρr),µ[ω1 (t− a)
ρ1 , ..., ωr (t− a)ρr ]
]
(x)
= (x− a)µ−α−1E(γr)(ρr),µ−α[ω1 (x− a)




(t− a)µ−1E(γr)(ρr),µ[ω1 (t− a)
ρ1 , ..., ωr (t− a)ρr ]
]
(x)
= (x− a)µ+α−1E(γr)(ρr),µ+α[ω1 (x− a)
ρ1 , ..., ωr (x− a)ρr ]] (11)
Remark: The above results in (10) and (11) are known results due to Gautam
[1] and Saxena et al. [7].
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(x) + f (x) (12)





(0+) = c has its solution in the space L (0,∞) given
by













(x− t)α−1 f (t) dt
(13)






(x) is the integral operator










(x−a)µ−1E(γr)(ρr),µ[ω1(x− t)ρ1 , ..., ωr(x− t)ρr ]φ(t)dt
(14)
(x > a)
with µ, ρj, γj, ωj ∈ C; Re (ρj) > 0; Re (µ) > 0; j = 1, 2, ..., r.














ρ1 , ..., ωrx
ρr ] (15)





(0+) = c has its solution in the space L (0,∞) given
by







ρ1 , ..., ωrx
ρr ] (16)






(x) is the integral operator
defined in (14).

















(0+) = c has its solution in the space L (0,∞) given
by







tα−1 (x− t)µ−1E(γr)(ρr),µ+1 [ω1 (x− t)
ρ1 , ..., ωr (x− t)ρr ] dt
(18)
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(x)is the integral operator
defined in (14).
(1) If in Theorems-1 to 4 we take l1 = l2 = ... = lr = 1, ρ1 = ρ2 = ... =
ρr = 1 then these reduce to the results involving multivariable confluent
hypergeometric function as follows:
(i) Let a ∈ R+; α, µ, γj, ωj ∈ C; Re (α) > 0; Re (µ) > 0; j = 1, 2, ..., r. Then
for x > a, there hold the relations
Dαa+
[





Γ(µ− α) (x− a)
µ−α−1Φ
(r)










(x− a)µ+α−1Φ(r)2 [γ1, ..., γr; (µ+α);ω1 (x− a) , ..., ωr (x− a)] (20)
Remark: The above results in (19) and (20) are also obtained by Gautam
[1] and Saxena et al. [7, p.539, Eqs. (6) and (4)] as special cases of their main
results.










(x) + f (x) (21)





(0+) = c has its solution in the space L (0,∞) given by








2 [γ1, ..., γr;µ+ α+ 1;ω1x







(x− t)α−1 f (t) dt (22)






(x) is the integral operator
defined by Saxena and Kalla [7] , Srivastava and Saxena [11] and Gautam [1]
defined as follows:












(x−t)µ−1Φ(r)2 [γ1, ..., γr;µ;ω1(x−t), ..., ωr(x−t)]y(t)dt,
(23)
(x > a) (µ, γjωj ∈ C; Re(µ) > 0; j = 1, ..., r).















2 [γ1, ..., γr; (µ+ 1);ω1x, ..., ωrx]
(24)
(α, µ, γj , ωj ∈ C;Re (α) > 0;Re (µ) > 0; j = 1, 2, ..., r)




has its solution in the space L (0,∞) given by








2 [γ1, ..., γr;µ+α+1;ω1x, ..., ωrx] (25)






(x) is the integral operator
defined in (23) .












(α, µ, γj , ωj ∈ C;Re (α) > 0;Re (µ) > 0; j = 1, 2, ..., r)




has its solution in the space L (0,∞) given by
y (x) = − λ
Γ (α) Γ(µ+ 1)∫ x
0
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(x) is the integral operator
defined in (23).
Remark: The Theorem-5 is further extension of Theorem-3, one can obtain
similar special cases of Theorem-5 as discussed above, and therefore we omit
the details here.
References
[1] S. Gautam, Investigations in Fractional Differential Operators of Arbitrary Order and
their Applications to Special Functions of One and Several Variables,Ph. D. Thesis, Uni-
versity of Kota, Kota, India, (2008).
[2] G.M. Mittag-Leffler, Sur la nouvelle function Eα(x), C.R. Acad. Sci., Paris ,137 (1903),
554-558.
[3] G.M Mittag-Leffler, Sur la representation analytique d’une function monogene(cinquieme
note), Acta Math., 29, (1905), 101-181.
[4] K.B. Oldham and J. Spanier, The Fractional Calculus: Theory and Applications of Dif-
ferentiation and Integration to arbitrary order, Academic Press, New York (1974).
[5] T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function
in the kernel, Yokohama Math. J., 19(1971), 7-15.
[6] S.G. Samko,A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives. Theory
and Applications, Gordon and Breach, New York, (1983).
[7] R.K. Saxena ,S. L. Kalla and R. Saxena, Multivariable analogue of generalized Mittag-
Leffler function, Integral Trans. Special Fun. ,Vol. 22,No. 7 (2011),533-548
[8] A. K. Shukla and J. C. Prajapati, On a generalization of Mittag-Leffler function and its
properties, J. Math. Anal. Appl., 336(2)(2007), 797-811.
[9] H. M. Srivastava and P. W. Karlsson, Multiple Gaussian hypergeometric Series. Ellis Hor-
wood Series: Mathematics and its Applications. Ellis Horwood Ltd., Chichester; Halsted
Press [John Wiley & Sons, Inc.], New York, (1985).
[10] H. M. Srivastava and Z. Tomovski, Fractional calculus with an integral operator contain-
ing a generalized Mittag-Leffler function in the kernel. Appl. Math. Comput. 211(1)(2009),
198-210.
[11] A. Wiman, Uber den Fundamental satz in der theoric der Fucntions Eα(x), Acta Math.
29 (1905), 191-201.
